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We theoretically reveal the unusual features of the Josephson effect in a strained zigzag graphene
nanoribbon with a small length relative to the superconducting coherence length and an arbitrary
width. We find a step-wise variation of the critical supercurrent with the width of the nanoribbon,
showing additional small width plateaus placed between the wide steps of a non-strained structure.
We further demonstrate the peculiar quantization of the critical supercurrent in terms of the strain,
resulted from the coupling of the pseudospin of Dirac fermions with the strain-induced gauge po-
tential, where the height of the steps decreases with growing the strength of the fictitious gauge
potential. Moreover, our results determine the potential of the proposed superconducting quantum
point contact for the realization of the supercurrent switch under an applied strain. Besides, we find
that the local density of states of the strained zigzag nanoribbon displays a crossover between the
decaying and oscillating behavior with the distance from the edges, by tuning the width and Fermi
wavelength of the nanoribbon.
I. INTRODUCTION
The superconducting nanodevices are in focus of
modern experimental research, especially since they
are a promising platform for various qubit real-
izations like Josephson-based qubits [1–5] or Majo-
rana bound states [6–10]. These structures contain-
ing superconductor-semiconductor and superconductor-
insulator junctions host Andreev bound states which can
also be used as a qubit [11, 12]. Andreev reflection [13]
(successive conversion of electron-hole excitations at a
normal-superconductor interface) is a subject of inten-
sive theoretical and experimental research that spans far
beyond quantum information topics [14–18].
Fabrication of the nanoelectronic devices have pro-
vided the possibility of detecting the effects of the elec-
tronic transport through a few or even single quan-
tum states. The generic effect is the quantization of
the conductance of a quantum point contact [19, 20].
The analogous behavior was predicted [21, 22] and ex-
perimentally confirmed [23] to occur for the Josephson
current through an ordinary superconducting quantum
point contact shorter than the superconducting coher-
ence length.
Owing to the interplay of superconductivity and
unique electronic structure of graphene, graphene-
based superconductors have attracted considerable at-
tention in quantum transport and application of su-
perconductor nanoelectronics. Many theoretical [24–
28] and experimental works [29–32] have been fo-
cused on superconductor-normal-superconductor nanos-
tructure (Josephson junction) and other graphene-based
superconducting heterostructures [33–36] and found pe-
∗ leyla.majidi@ipm.ir
x
y
FIG. 1. (Color online) Schematic illustration of the
graphene-based superconducting quantum point contact; the
two superconducting S regions (caused by proximity to S elec-
trodes) are connected through a uniaxially strained zGNR of
length L and width W . The strength of strain is δt/t where
t is the nearest neighbor hoping term.
culiar and unexpected behaviors. Most of these fea-
tures is the result of the massless Dirac spectrum of the
low-lying electron-hole excitations in graphene, which in
addition to the regular spin appear to come endowed
with the two quantum degrees of freedom, the so-called
pseudospin and valley [37–39]. These additional degrees
of freedom have been proposed separately to be used
for controlling the electronic devices in pseudospintron-
ics [36, 40, 41] and valleytronics [42]. In particular, it
has been demonstrated that a finite Josephson current
can flow even in the limit of zero concentration of the
carriers at the Dirac point with a non-sinusoidal current-
phase relation [24]. Besides, a new class of graphene-
based Josephson devices with novel properties have been
realized for nanoribbons with different type of the edges.
In contrast to ordinary superconducting quantum point
contact, the supercurrent in smooth or armchair edge
with a low concentration of the carriers is not quantized
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2and shows a monotonic decrease with lowering the width
of the nanoribbon [43]. However, the zigzag type of the
edges supports a half-integer quantization of the super-
current, owing to the valley filtering nature of the zigzag
graphene nanoribbon (zGNR) for the waves with mixed
valley components [43].
The prospect of using strain to engineer the electronic
properties of graphene, has opened up new opportunities
and directions for graphene research[44–46]. It has been
shown that reversible and controlled strains in graphene
can be realized by using a suitable substrate pattern-
ing [47, 48], a uniform planer tension [49] or atomic force
microscope tip [50]. In the case of graphene being uni-
axially strained, gapless graphene may turn to gapped
graphene at critical strain [51]. Owing to the large elas-
tic deformation of graphene, the strain has the advantage
of high tunability. The strained graphene can induce a
valley-dependent pseudo-vector potential perpendicular
to the direction of strain, due to shifted valley-dependent
Dirac point in the strained region [48, 52]. This leads to
the valley polarization, an important characteristics for
valleytronics. A number of such valley filters have been
proposed in graphene and other two-dimensional materi-
als [42, 53–56]. A giant pseudomagnetic field greater than
300 Tesla resulting from the strongly deformed graphene
was observed in graphene nanobubbles [57]. Strain-
induced pseudo-Landau levels have also been observed
in graphene by chemical vapor deposition [58].
Putting all these together, we came up with the idea
of a novel class of Josephson junctions with the capabil-
ity to sustain tunable charge transport in a zigzag-edged
nanoribbon by means of mechanically induced strain.
Based on this idea, in this paper we theoretically study
the quantum transport in Josephson junction of strained
graphene nanoribbon with zigzag edges between two
heavily doped superconductors. Coupling of the pseu-
dospin of Dirac fermions with the strain-induced gauge
potential produces a pseudomagnetic field which has im-
portant effects on transport properties of the strained
graphene. Making use of Dirac-Bogoliubov-de Gennes
formalism [33], we find a peculiar quantization of the su-
percurrent in this kind of the Josephson junction with
graphene nanoribbon of length L smaller than the su-
perconducting coherence length and an arbitrary width
W . The special quantization relation of transverse mo-
menta and the valley-filtering property of electron wave
function in a zGNR make the supercurrent to be dis-
cretized in units of the even multiplies of the supercurrent
quanta (e∆0/~) in an ordinary superconducting quan-
tum point contact. The critical supercurrent variation
with the width of the zGNR is different from that of a
non-strained structure due to the presence of the strain-
dependent small width plateaus at the middle of the wide
non-strained plateaus. The width of the steps depends
strongly on the strength of the applied strain (δt/t, with
t the nearest neighbor hopping parameter) and the Fermi
wavelength inside the nanoribbon (λF /a, with a the lat-
tice constant), such that the plateaus are getting broader
and shifted to larger values of µW/hvF (µ is the chemi-
cal potential) with increasing the δt/t and λF /a values.
Also, the height of the steps is getting reduced by grow-
ing the temperature of the device. Moreover, we demon-
strate that the Josephson current can be switched on/off
for small values of µW/hvF because of the displacement
of the Dirac points in the presence of applied strain.
We further present the peculiar behavior of the criti-
cal supercurrent in terms of the fictitious gauge poten-
tial. Depending on the value of the λF /a ratio, the criti-
cal supercurrent has a constant value or decreasing step-
wise behavior with a wide peak around zero pseudomag-
netic field. The width of the peak, and also the height
and width of the plateaus reduce by enhancing the value
of λF /a and µW/hvF ratios. Depending on the Fermi
wavelength inside the normal graphene nanoribbon, the
Josephson current can be turned off for an accessible ex-
perimental range of the applied strain. In addition, the
current-phase relation is found to be similar to that of an
ordinary superconducting quantum point contact.
In addition, we investigate the behavior of the local
density of states (LDOS) inside the strained zGNR. The
position dependence of the LDOS gives us more infor-
mation about the edge states supported by the zGNR.
Depending on the value of λF /a and µW/hvF ratios, the
LDOS may have equal high values at the opposite edges
resulting from the evanescent mode confined to the in-
terface and decreases with the distance from the edges
or it may have oscillatory behavior with different values
at the edges resulting from the propagating states. The
surface states at the opposite edges of the ribbon with
the positions y = 0 and y = W are those coming from
the A and B sublattices, respectively.
The paper is organized as follows. In Sec. II, we intro-
duce the model and establish the theoretical framework
which will be used to investigate the Josephson effect and
the LDOS in a strained graphene nanoribbon with zigzag
edges. Then, in Sec. III A the critical supercurrent de-
pendence on the width of the nanoribbon and also on the
fictitious gauge potential are shown, followed by a discus-
sion over the importance of the results. Section III B is
devoted to the results of the local density of states in-
side the strained normal nanoribbon with zigzag edges.
Finally, our conclusions are summarized in Sec. IV.
II. MODEL AND BASIC EQUATIONS
The device we consider is a Josephson junction between
two s-wave superconducting (S) electrodes deposited on
top of a graphene sheet, which are separated by a zigzag
normal (N) graphene nanoribbon of length L [see Fig.
1]. The N region is imposed to a uniform uniaxial strain
which can lead to a uniform fictitious gauge potential.
The effective low energy Hamiltonian of normal
graphene in the presence of a strain-induced gauge po-
tential As can be written as [48]
Hτ = vFστ .(p− τ~As) (1)
3for the K(K’) valley with τ = 1(−1), where στ =
(σx, τσy) is the vector of the Pauli matrices operating
in the sublattice or pseudospin space. Here, the Fermi
velocity is denoted by vF and p = (px, py) is the two-
dimensional momentum. The strain-induced gauge po-
tential As and the corresponding field Bs (Bs = ∇×As)
have opposite signs at the vicinity of the two Dirac points
(K and K’) at the corners of the hexagonal first Bril-
louin zone. The underlying deep reason for the sign
change originates from the fact that strain and any ge-
ometric deformation do not break time reversal symme-
try, and the two K points or valleys are connected by
time reversal operator (K ↔ K ′). Explicitly, we have
As = (~vF)−1δt[Θ(x + L/2) − Θ(x − L/2)]yˆ, where δt
parameterizes the strain by its effect on the nearest-
neighbor hopping t→ t+ δt (t ' 3 eV).
Inside the part of graphene covered by the S electrode,
an effective potential ∆ is induced via proximity effect.
The S parts are assumed to be heavily doped such that
the Fermi wavelength inside them is very smaller than
the superconducting coherence length ξ (ξ = ~vF/∆) and
also the Fermi wavelength in the N graphene nanoribbon
to justify the mean-field theory of superconductivity and
neglect the spatial variation of the pair potential ∆ inside
the superconductors close to the N/S interfaces.
The superconducting correlation between relativistic
electrons and holes with opposite spins and different
valley indices can be described by Dirac-Bogoliubov-de
Gennes (DBdG) equation [33]( Hτ0 − µ− U(r) ∆
∆∗ µ+ U(r)−Hτ0
)(
uτ
vτ¯
)
= ε
(
uτ
vτ¯
)
,
(2)
where Hτ0 = vF(στ .p) and τ¯ = −τ . Here, ε is the ex-
citation energy, µ is the chemical potential, and U(r) is
the electrostatic potential taken to be U0  µ in S re-
gions and zero in N region. Also, the electron and hole
wave functions, uτ and vτ¯ , are two-component spinors
of the form (ψA, ψB), where the two components give
the amplitude of the wave function on the two sublat-
tices. Therefore, the electron excitations in one valley
are coupled by the superconducting pair potential ∆ to
hole excitations in the other valley.
We assume a phase difference φ between two S regions,
with pairing functions ∆L,R = ∆0e
±iφ/2σ0, to drive a
Josephson supercurrent through the graphene nanorib-
bon which constitutes a week link between two super-
conductors. The Josephson current can be obtained from
the formula [59]
I(φ) = −4e
~
∑
p
tanh(
εp
2kBT
)
dεp
dφ
− 4e
~
(2kBT )
∫ ∞
∆0
dε ln[2 cosh(
ε
2kBT
)]
∂ρ
∂φ
+
4e
~
d
dφ
∫
dr
|∆|2
|g| , (3)
where the factor of 4 accounts for the two-fold spin and
valley degeneracies, ρ is the density of state and g is the
interaction coefficient of the BCS theory of the super-
conductivity. For the step function model of ∆(r), |∆| is
independent of φ so that the contribution of the third sen-
tence can be disregarded. A calculation of the Josephson
current then requires only knowledge of the eigenvalues.
For experimentally relevant short junction regime L ξ,
the bound (discrete) states with energies εp < ∆0 have
the main contribution to the Josephson current. In this
case, contributions from continuous states with energies
ε ≥ ∆0 may be neglected. Therefore, the Josephson su-
percurrent will be carried by the so-called subgap An-
dreev bound states, formed in the N region owing to the
Andreev reflection at the N/S interfaces.
This local coupling of the electron and hole excitations
at an ideal N/S interface (at a point r) can be described
by means of a longitudinal boundary condition on the
electron and hole wave functions in the N region [24]
ψh(r) = e
−iΦ−iβnˆ.σψe(r), (4)
where Φ is the phase of the pair potential ∆ in S region,
nˆ is a unit vector perpendicular to the interface pointing
from N to S region, and β = arccos (εp/∆0).
In the proposed S/N/S structure with superconducting
phases ΦL,R = ±φ/2, the boundary condition at the two
interfaces r∓ = (∓L/2, y) takes the form [24]
ψh(r∓) = U±1(εp, q)ψe(r∓) (5)
with U(εp, q) = e
−iφ/2eiβσx , while the electron (hole)
states at the two ends can be related via the transfer
matrix,
ψe(h)(r+) = M(±εp, q)ψe(h)(r−). (6)
The transfer matrix M(±εp, q) can be obtained from Eq.
(1) as
M(±εp, q) = M−1s (±εp, q) M0(k, L) Ms(±εp, q), (7)
Ms(±εp, q) = 1√
2 cosα
(
e−iα/2 eiα/2
eiα/2 −e−iα/2
)
, (8)
M0(k, L) = e
ikLσz , (9)
where α = arcsin [(~vFq − δt)/(µ+ εp)] indicates the an-
gle of the propagation of the quasiparticles inside the
N region at a transverse wave vector q with longitudi-
nal wave vector k = (~vF)−1
√
(µ+ εp)2 − (~vFq − δt)2.
Applying the condition of the constructive interference
for the wave function, after a round trip from r− to r+
and back to r−, leads to the usual form of the Andreev
4bound energies in terms of the normal-state transmission
probability TP in the short junction limit L ξ,
εp(φ) = ∆0
√
1− Tp sin2(φ
2
). (10)
Substituting the above-found relation into Eq. (3) yields
the Josephson current as
I(φ) =
e∆0
~
∑
p
Tp sinφ√
1− Tp sin2(φ2 )
tanh[
∆0
2kBT
√
1− Tp sin2(φ
2
)]. (11)
To evaluate the transmission probability (Tp), we con-
sider the proposed structure in the normal state (with
∆0 = 0); the strained zGNR between two heavily doped
N regions. The total wave function of the right (left)
going wave inside the strained zGNR is composed of the
pseudospinor wave functions with transverse momentum
±q from two valleys
Ψ± = A ψk±q +B ψ
k±
−q +A
′ ψ
′k′±
q +B
′ ψ
′k′±
−q , (12)
where ψk±±q and ψ
′k±
±q are respectively the solutions of
Dirac equation [Eq. (1)] for the K and K’ valleys and
the two propagation directions along the x−axis are de-
noted by ± in Ψ±.
Imposing the boundary condition of zigzag edges [60],
ψA(y = 0) = ψ
′
A(y = 0) = ψB(y = W ) = ψ
′
B(y = W ) =
0, leads to two sets of wave functions in the space of
pseudospin and valley degrees of freedom; a right (left)
going wave in the K(K’) valley
Ψ+ = eikx

sin qy
ei(α−α
′)/2 sin[qy + (α+α
′
2 )]
0
0
 ,
(13)
Ψ
′− = e−ik
′x

0
0
sin qy
−e−i(α−α′)/2 sin[qy + (α+α′2 )]
 ,
(14)
with transcendental relation sin[qW + (α+ α′)/2] = 0
for allowed values of q, and a right (left) going wave in
the K ′(K) valley
Ψ
′+ = eik
′x

0
0
sin qy
ei(α−α
′)/2 sin[qy − (α+α′2 )]
 ,
(15)
Ψ− = e−ikx

sin qy
−e−i(α−α′)/2 sin[qy − (α+α′2 )]
0
0
 ,
(16)
with transcendental relation sin[qW − (α+ α′)/2] = 0,
where α′ = arcsin [(~vFq + δt)/(µ+ εp)] and k′ =
(~vF)−1
√
(µ+ εp)2 − (~vFq + δt)2.
Importantly, it is seen that for each allowed mode,
zGNR operates as a valley-filter for the waves with mixed
valley components. This filtering property prevents the
electrons from normal reflection, due to the conservation
of the transverse momentum q and the valley index τ .
Consequently, perfect transmission (with Tp = 1) occurs
for right going waves with allowed quantized transverse
momentum q.
Therefore, valley filtering nature of the zGNR makes
the Andreev bound states energy not to depend on the
transverse mode q and contains N -fold degenerate states
at energy εp = ∆0| cos (φ/2)|. The integer N is the num-
ber of allowed transverse modes at the Fermi level prop-
agating through the construction, which can be obtained
from transcendental relations. Moreover, the current-
phase relation becomes
I(φ) = 2N
e∆0
~
sin(
φ
2
)
cos(φ2 )
| cos(φ2 )|
tanh[
∆0
2kBT
cos(
φ
2
)],
(17)
which is similar to the characteristic relation of an ordi-
nary superconducting quantum point contact with IC =
2Ne∆0/~.
Another experimentally accessible quantity is the
LDOS, which can be obtained through the following
formula[61],
N˜(ε, r) =
∑
k
|ψk(r)|2 δ(ε(k)− ε), (18)
where ψk(r) corresponds to the eigenfunction of energy
ε(k) and the sum is over all states with the wave vectors
k.
To evaluate the LDOS inside the strained zGNR, we re-
place the following wave functions ψN and ψ
′
N for incom-
ing electrons from K and K’ valleys in the above equation,
ψN =
(
Ψ+(ε) + re Ψ
−(ε)
rhΨ
′−(−ε)
)
, (19)
ψ
′
N =
(
Ψ
′+(ε) + r′e Ψ
′−(ε)
r′hΨ
−(−ε)
)
. (20)
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FIG. 2. (Color online) The critical supercurrent through the
graphene-based Josephson junction with uniaxially strained
zigzag-edge N nanoribbon versus the width of the N region
µW/hvF for different values of δt/t, when λF /a = 5. Note
that the critical supercurrent increases step-wise as a function
of the constriction width. In contrast to the non-strained
case, the quantization is no longer half-integer. The applied
strain supports new plateaus with small width at the middle of
the wide non-strained plateaus. Inset presents the zoomed-in
view of the critical supercurrent in the range 0.7 ≤ µW/hvF ≤
1.
We emphasize that the normal reflection of the incom-
ing electron from the K(K’) valley with the amplitude re
(r′e) is forbidden due to the valley filtering nature of the
zigzag ribbon and the electron-hole conversion (Andreev
reflection process) with unit amplitude rh = 1 (r
′
h = 1)
occurs.
III. NUMERICAL RESULTS AND DISCUSSION
In this section, we present our numerical results for
the critical supercurrent and the local density of states
inside the uniaxially strained normal zGNR, using Eqs.
(17) and (18). We scale the strain δt in terms of the
nearest-neighbor hopping energy t, and the width of the
zigzag nanoribbon W in terms of the Fermi wavelength
λF = hvF/µ which itself can be expressed in terms of
the lattice constant a. Also, we scale the temperature
T in terms of the critical temperature of the supercon-
ducting order parameter TC . We note that the results
are in the experimentally most relevant short junction
regime (L ξ). In terms of energy scales, this condition
requires ∆0  ~vF/L. We emphasize that the applied
strain ratio δt/t is up to 0.3 to persist the semimetallic
nature of graphene [51].
A. Critical supercurrent
First, we evaluate the critical supercurrent in the pro-
posed Josephson junction at zero temperature (T = 0)
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0
2
4
6
8
10
µW/hvF
I c
/(
e∆
0
/
h¯
) λF = 10
λF = 5
λF = 1
δt/t = 0.3
FIG. 3. (Color online) The behavior of the critical super-
current IC in terms of the width of the N region µW/hvF
for different values of λF /a, when δt/t = 0.3. Notice that
decreasing the λF /a ratio, leads to a reduction of the sub-
plateaus width with respect to µW/hvF.
by making use of Eq. (17)
I(φ) = IC sin(
φ
2
)
cos(φ2 )
| cos(φ2 )|
, (21)
where the critical supercurrent is given by IC =
max[I(φ)] = 2Ne∆0/~.
Figure 2 shows the behavior of the critical supercur-
rent IC in terms of the dimensionless width of the zGNR
µW/hvF, for different values of δt/t when λF /a = 5. It is
seen that the critical supercurrent increases step-wise as
a function of the constriction width, independent of the
properties of the junction. For non-strained Josephson
junction, this type of the edges supports a half-integer
quantization of the supercurrent to (n+ 1/2)4e∆0/~, in
contrast to an ordinary superconducting quantum point
contact. This quantization of the critical supercurrent
is unique to the zigzag-edge nanoribbon and can not be
observed for smooth or armchair edge nanoribbons [43].
Imposing a uniform uniaxial strain to the zGNR leads
to the following important anomalies for the critical su-
percurrent. In contrast to the non-strained case, the
quantization is no longer half-integer. The applied strain
supports new plateaus with small width at the middle
of the wide non-strained plateaus, such that their width
enhances by increasing the δt/t ratio. Also, the main
wide plateaus are shifted to larger values of µW/hvF.
Therefore, plateaus of the quantized critical supercur-
rent will be placed at even multiples of e∆0/~. Most
importantly, a supercurrent switching is seen in the low-
est plateau where the applied strain can turn on/off the
Josephson current depending on the values of δt/t and
µW/hvF. This is attributed to the strain-induced dis-
placement of the Dirac points and propose the Josephson
junction under uniform uniaxial strain as a supercurrent
switch. Moreover, it is demonstrated in Fig. (3) that
decreasing the λF /a ratio, leads to a reduction of the
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FIG. 4. (Color online) The critical supercurrent IC in terms
of the applied strain δt/t for different values of λF /a, when
the width of the N region is fixed to µW/hvF = 2. It should
be emphasized that a peculiar step-like behavior is shown for
the critical supercurrent in the case of λF /a > 1. Moreover,
the width of the plateaus is reduced by increasing the λF /a
value so that the critical supercurrent reaches a sharp peak
around δt = 0 and attains a constant value for finite values
of δt, when λF /a is large.
sub-plateaus width with respect to µW/hvF. The effect
of finite temperature on the behavior of the critical super-
current is also demonstrated in Appendix A, in which the
height of the plateaus is getting reduced with increasing
the value of T/TC ratio (see Fig. 7).
We further present the behavior of the critical super-
current in terms of the δt/t value for different λF /a ra-
tios, when µW/hvF = 2 [see Fig. 4]. For small values
of λF /a, the critical supercurrent has a constant value
of IC = 14e∆0/~, independent of the magnitude of ap-
plied strain. In the case of λF /a > 1, a peculiar step-like
behavior is shown for the critical supercurrent. The su-
percurrent has a wide peak with a constant value around
δt/t = 0. Increasing the magnitude of the applied strain
|δt/t| leads to decreasing behavior of the critical super-
current such that it can be switched off for a wide range
of δt/t. Moreover, the width of the plateaus is reduced
by increasing the λF /a value so that the critical super-
current reaches a sharp peak around δt = 0 and attains a
constant value for finite values of δt, when λF /a is large.
We have found (not shown) that while the plateaus of the
critical supercurrent are getting broader with decreasing
the µW/hvF value, their height is getting reduced. In ad-
dition, the critical supercurrent can be switched off for an
experimentally available range of δt/t, depending on the
value of the Fermi wavelength inside the N region. These
results show the peculiar quantization of the critical su-
percurrent in terms of the strain-induced pseudomagnetic
field [since Bs = (~vF)−1δt[δ(x + L/2) − δ(x − L/2)]zˆ],
in contrast to the Fraunhofer pattern of the critical su-
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FIG. 5. (Color online) Top panel: The local density of states
(LDOS) inside the uniaxially strained zigzag N nanoribbon
versus the dimensionless positions y/W along the y direction
for x/L = 0.1 (a) and x/L along the x direction for differ-
ent values of y/W (b), when λF /a = 100, µW/hvF = 2,
L/W = 0.1 and δt/t = 0.1, 0.3. Bottom panel: The local
density of states versus y/W for different values of the width
µW/hvF (c) and the L/W ratio of the N zigzag nanoribbon
(d), when λF /a = 100, x/L = 0.1 and δt/t = 0.3. Inset of
(b) shows the behavior of the density of states versus x/L
for smaller magnitude of the applied strain δt/t = 0.1. It
should be noted that reducing µW/hvF and L/W ratios lead
to the enhancement of the LDOS especially at the edges of
the nanoribbon.
percurrent in the presence of an applied magnetic field.
B. Local density of states
Now, we proceed to investigate the behavior of the
LDOS inside the uniaxially strained N graphene nanorib-
bon with zigzag edges. We denote the local density
of states N˜(ε, r) by LDOS in Figs. 5 and 6. Figures
5(a) and 5(b) respectively present the behavior of the
LDOS in terms of the dimensionless distances y/w and
x/L along the y and x directions, when λF /a = 100,
µW/hvF = 2, L/W = 0.1 and δt/t = 0.1, 0.3. The high
low-energy density of states is shown at opposite edges of
the zGNR resulting from the y−dimensional evanescent
edge mode (imaginary q) which is being decreased by go-
ing away from the edges [see Fig. 5(a)]. Also, the LDOS
undergoes a decaying behavior with a distance of x/L
from the S/N interface [Fig. 5(b)]. It is shown that in-
creasing the magnitude of the applied strain leads to the
enhancement of the LDOS inside the N region. There-
fore in the following figures, we set δt/t = 0.3. More-
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FIG. 6. (Color online) Top (bottom) panel: The behavior of
the local density of states versus y/W for different values of
µW/hvF, when λF /a = 10 (λF /a = 1), δt/t = 0.3, x/L = 0.1
and L/W = 0.1. Inset of (a) presents the zoomed-in view
of the density of states for µW/hvF ≤ 0.5. The position de-
pendence of the LDOSs is very sensitive to the value of λF /a
as well as µW/hvF. In contrast to Fig. 5(c), increasing the
width of the N region makes the LDOS to change its behav-
ior from damping to oscillating along the y−direction and be
constant along the x-direction when the Fermi wavelength of
the N region is reduced to λF /a = 10 (a) and λF /a = 1 (b).
The crossover from damping to oscillatory behavior occurs
at lower values of the µW/hvF ratio when the λF /a ratio is
reduced to unity.
over, the effects of the width µW/hvF and L/W ratios of
the strained nanoribbon on the LDOS are investigated in
Figs. 5(c) and 5(d). It is worth mentioning that reducing
µW/hvF and L/W ratios lead to the enhancement of the
LDOS especially at the edges of the nanoribbon.
Most importantly, we find that the position depen-
dence of the LDOSs is very sensitive to the value of the
Fermi wavelength λF /a ratio as well as the width of the
strained N nanoribbon µW/hvF [see Fig. 6]. In contrast
to large λF /a ratio [Fig. 5(c)], increasing the width of
the N region makes the LDOS to change its behavior
from damping to oscillating along the y−direction and
be constant along the x-direction when the Fermi wave-
length of the N region is reduced to λF /a = 10 [Fig. 6(a)]
and λF /a = 1 [Fig. 6(b)]. The crossover from damp-
ing to oscillatory behavior occurs at lower values of the
µW/hvF ratio when the λF /a ratio is reduced to unity.
In addition, the amplitude and period of the oscillations
(resulted from the propagating modes) decrease with re-
ducing the λF /a ratio and the local density of states at
the edge y = w has larger value compared to that of the
opposite edge y = 0. Note that according to the bound-
ary condition of zigzag edges applied to the strained N
nanoribbon (see Sec. II), the states on the edges with the
position y = 0 and y = W are those respectively coming
from the A and B sublattices.
To explain the behavior of the LDOS, we look at
the squared absolute value of the wave function of the
state with energy close to zero, |ψk(r)|2 (see Appendix
B). It is shown that the oscillating LDOS is resulted
from the propagating state with transcendental relation
sin[qW ± (α+ α′)/2] = 0 for transverse momenta in
the range |q| ≤ (µ − δt)/~vF [see Eq. (B3)]. While
the decaying LDOS is originated from the evanescent
edge state with transcendental relation sinh[(b+ b′)/2] =
± sinh (qW ) for transverse momenta q [see Eq. (B5)]. In
the case of δt  µ [with δt/µ = (δt/t)(λF /a)/(3pi)],
it is found that the transcendental relations of quan-
tized q for the propagating and evanescent modes be-
come sin (qW )/qW = ±~vF/µW and sinh (qW )/qW =
±~vF/µW , respectively. This implies the oscillating
regime to exist for the range of µW/~vF ≥ 1 and the
decaying regime for the range of µW/~vF < 1.
IV. CONCLUSION
In conclusion, we have studied the Josephson effect in
a short strained graphene nanoribbon with zigzag edges
and an arbitrary width of W connecting two supercon-
ducting electrodes. We have found that this type of edges
supports an integer quantization of the supercurrent to
even multiples of the supercurrent quanta (e∆0/~) in an
ordinary superconducting quantum point contact. The
strain-induced plateaus placing between the steps of non-
strained structure have small width, which can be en-
hanced by increasing the strength of the applied strain
and the Fermi wavelength inside the graphene nanorib-
bon, and also they can be shifted to higher values of
µW/hvF (µ is the chemical potential of the graphene
nanoribbon). Also, the height of the plateaus can be
reduced with increasing the temperature below the crit-
ical temperature of the superconducting order parame-
ter. We have further demonstrated a particular step-
wise variation of the critical supercurrent versus the
strain-induced pseudomagnetic field inside the graphene
nanoribbon in which the height and width of the steps
can be decreased by increasing the strength of the fic-
titious gauge potential (or strain) and the Fermi wave-
length, respectively. In addition, the results show that
the Josephson current can be turned on/off in presence
of the applied strain, depending on the Fermi wavelength
and width of the normal nanoribbon. We claim that our
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FIG. 7. The critical supercurrent in terms of the width
of the strained zigzag-edge nanoribbon µW/hvF for different
values of the temperature T/TC ratio, when λF /a = 5 and
δt/t = 0.3. The step-wise variation of the critical supercurrent
is preserved for finite-temperatures below Tc.
proposed superconducting quantum point contact can be
utilized as a supercurrent switch.
We have further studied the behavior of the local den-
sity of states inside the strained normal nanoribbon with
zigzag edges. We have clearly shown the high low-energy
density of states with equal magnitudes at the opposite
edges of the nanoribbon resulting from the evanescent
edge mode. The local density of states has a decaying
behavior with the distance from the edges for large val-
ues of the Fermi wavelength inside the normal region and
importantly it undergoes an oscillatory behavior with dif-
ferent values at the two edges for smaller values of the
Fermi wavelength, by tuning the width µW/hvF ratio.
Moreover, we have demonstrated that the local density
of states can be increased by enhancing the magnitude of
the applied strain as well as reducing the length to width
(L/W ) ratio of the graphene nanoribbon.
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Appendix A: Finite temperature behavior of the
critical supercurrent
The results of the finite-temperature behavior of the
critical supercurrent IC with respect to the width of the
normal region µW/hvF are presented in Fig. 7. Mak-
ing use of relation ∆0 = 1.76 kBTC , the temperature
T is parameterized in units of the critical temperature
of the superconducting order parameter TC . We set the
Fermi wavelength λF /a = 5 and the applied strain ratio
δt/t = 0.3. The peculiar step-wise variation of the critical
supercurrent is preserved for finite-temperatures below
the critical temperature TC . Comparing the results with
that of the zero temperature (Fig. 2) demonstrates the
significant reduction of the critical supercurrent as well
as the height of the steps by growing the temperature
T/TC .
Appendix B: Squared absolute value of the wave
function inside the strained zigzag-edge normal
nanoribbon
To evaluate the behavior of the local density of states
inside the strained normal nanoribbon with zigzag edges
by making use of Eq. (18), we need to calculate the
contribution of both propagating and evanescent modes
to the squared absolute value of the wave function,
|ψk(r)|2 = |ψpropk (r)|2 + |ψevank (r)|2. (B1)
The contribution of the propagating modes is written as
|ψpropk (r)|2 = |ψpropN |2 + |ψ
′prop
N |2, (B2)
with
|ψ(′)propN |2 = 2 sin2(qy) + 2 sin2[qy ± (
α+ α′
2
)], (B3)
for incoming electrons from the K(K’) valley with the
wave function ψ
(′)prop
N and the transcendental relation
sin[qW ± (α+ α′)/2] = 0 for transverse momenta in the
range |q| ≤ (µ − δt)/~vF. The contribution of the non-
zero evanescent modes (edge modes) read as
|ψevank (r)|2 = |ψevanN |2 + |ψ
′evan
N |2, (B4)
with
|ψ(′)evanN |2 = sinh2(qy) [e∓2Im(k)x+e±2Im(k
′)x]+
1
2
[cosh (2qy ± b± b′)−cos (a+ a′)] [e∓(2Im(k)x+b−b′)+e±(2Im(k′)x+b−b′)],
(B5)
where ψevanN and ψ
′evan
N are respectively the wave
functions of the incoming electrons from the K(K’) val-
ley with the transcendental relation sinh [(b+ b′)/2] =
∓ sinh (qW ) for transverse momenta q.
9The parameters in Eqs. (B3), and (B5) are defined by
k(
′) = µ [cos a(
′) cosh b(
′) − i sin a(′) sinh b(′)]/~vF,
a(
′) = −atan2 [(δ(′) ∓ δt/µ), (γ(′) − ~vFq/µ)],
b(
′) = Log [
√
(γ(′) − ~vFq/µ)2 + (δ(′) ∓ δt/µ)2],
γ(
′) =
√
[η +
√
η2 + χ(′)
2
]/2, δ(
′) =
sgn(χ(
′))
√
[−η +
√
η2 + χ(′)
2
]/2, η = 1 − (δt/µ)2 +
(~vFq/µ)2, and χ(
′) = ±2(δt/µ)(~vFq/µ).
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